SHIFT INVARIANT SPACES ON LCA GROUPS 
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Abstract. In this article we extend the theory of shift-invariant spaces to the 
context of LCA groups. We introduce the notion of /^-invariant space for a 
countable discrete subgroup H of an LCA group G, and show that the concept 
of range function and the techniques of fiberization are vahd in this context. 
As a consequence of this generalization we prove characterizations of frames 
and Riesz bases of these spaces extending previous results, that were known 
for M'' and the lattice Z''. 

1. Introduction 

A shift-invariant space (SIS) is a closed subspace of L^(R) that is invariant 
under translations by integers. The Fourier transform of a shift-invariant space is 
a closed subspace that is invariant under integer modulations (multiplications by 
complex exponentials of integer frequency). Spaces that are invariant under integer 
modulations are called doubly invariant spaces. Every result on doubly invariant 
spaces can be translated to an equivalent result in shift-invariant spaces via the 
Fourier transform. Doubly invariant spaces have been studied in the sixties by 
Helson [6] and also by Srinivasan [15] , [9| , in the context of operators related to 
harmonic analysis. 

Shift-invariant spaces are very important in applications and the theory had a 
great development in the last twenty years, mainly in approximation theory, sam- 
pling, wavelets, and frames. In particular they serve as models in many problems 
in signal and image processing. 

In order to understand the structure of doubly invariant spaces, Helson intro- 
duced the notion of range function. This became an essential tool in the modern 
development of the theory. See [2] , [2] , [Ej and [l] . 

Range functions characterize completely shift-invariant spaces and provide a 
series of techniques known in the literature as fiberization that allow to have a 
different view and a deeper insight of these spaces. 

Fiberization techniques are very important in the class of finitely generated shift- 
invariant spaces. A key feature of these spaces is that they can be generated by the 
integer translations of a finite number of functions. Using range functions allows 
us to translate problems on finitely generated shift-invariant spaces, into problems 
of linear algebra (i.e. finite dimensional problems). 
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Shift-invariant spaces generalize very well to several variables where the invari- 
ance is understood to be under the group Z'^. 

When looking carefully at the theory it becomes apparent that it is strongly 
based on the additive group operation of M'' and the action of the subgroup 1/^. 

It is therefore interesting to sec if the theory can be set in a context of general 
locally compact abelian groups (LCA groups). The locally compact abelian group 
framework has several advantages. First because it is important to have a valid 
theory for the classical groups such as Z"*, T'^ and Z„. This will be crucial particu- 
larly in applications, as in the case of the generalization of the Fourier Transform to 
LCA groups and also Kluvanek's theorem, where the Classical Sampling theorem 
is extended to this general context, (see [12], [4]). 

On the other side, the LCA groups setting, unifies a number of different results 
into a general framework with a concise and elegant notation. This fact enables us 
to visualize hidden relationships between the different components of the theory, 
what, as a consequence, will translate in a deeper and better understanding of 
shift-invariant spaces, even in the case of the real line. 

In this paper we develop the theory of shift invariant spaces in LCA groups. 
Our emphasis will be on range functions and fibcrization techniques. The order of 
the subjects follows mainly the treatment of Bownik in M'', [T]. In [TT] the authors 
study, in the context of LCA groups, principal shift-invariant spaces, that is, shift- 
invariant spaces generated by one single function. However they don't develop the 
general theory. 

This article is organized in the following way. In Section [2] we give the necessary 
background on LCA groups and set the basic notation. In Section [3] we state our 
standing assumptions and prove the characterizations of _ff-invariant spaces using 
range functions. We apply these results in Section [4] to obtain a characterization of 
frames and Ricsz bases of iJ-translations. 

2. Background on LCA Groups 

In this section we review some basic known results from the theory of LCA 
groups, that we need for the remainder of the article. In this way we set the 
notation that we will use in the following sections. Most proofs of the results are 
omitted unless it is considered necessary. For details and proofs see [14],[7], [8]. 

2.1. LCA Groups. 

In this section we review some basic known results from the theory of LCA 
groups, that we need for the remainder of the article. In this way we set the 
notation that we will use in the following sections. Most proofs of the results are 
omitted unless it is considered necessary. For details and proofs see [2], [7], [8]. 

2.2. LCA Groups. 

Throughout this article, G will denote a locally compact abelian, Hausdorff group 
(LCA) and F (or G) its dual group. That is, 

r = |7;G^C;7isa continuous character of G}, 

where a character is a function such that: 

(a) |7(a:)| = 1, V a; e G. 

(b) 7(x + y) ^ j{xh{y), V x,y eG. 
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Thus, characters generahze the exponential functions "ft{y) = e^'^**^, from the case 
G= (M,+). 

Since in this context, both the algebraic and topological structures coexist, we 
will say that two groups G and G' arc topologically isomorphic and wc will write 
G « G", if there exists a topological isomorphism from G onto G'. That is. an 
algebraic isomorphism which is a homcomorphism as well. 

The following theorem states some important facts about LCA groups. Its proof 
can be found in [Tl] . 

Theorem 2.1. Let G be an LCA group and T its dual. Then, 

(a) The dual group T, with the operation (7 + 7')(x) = j(x)"f'(x), is an LCA 
group. 

(b) The dual group ofT is topologically isomorphic to G, with the identification 
a: G G ^ G r, where 4>x{l) '■— 

(c) G is discrete (compact) if al only ifT is compact (discrete). 

As a consequence of item (b) of Theorem 1 2. 11 it is convenient to use the notation 
(a;,7) for the complex number 7(2;), representing the character 7 applied to x or 
the character x applied to 7. 

Next we list the most basic examples that are relevant to Fourier analysis. As 
usual, we identify the interval [0, 1) with the torus T = {z G C : \z\ = 1}. 

Examples 2.2. 

(I) In case that G = (M'^, +), the dual group T is also (M'^, +), with the iden- 
tification a; G R'' ^ 72; G r, where j^iy) = e^"^^^'?^^. 
(II) In case that G = T, its dual group is topologically isomorphic to Z, identi- 
fying each k eZ with 7^ G F, being 7fc(w) = e^'^''^'^. 

(III) Let G = Z. If 7 G F, then (1,7) = e^^'" for same a G M. Therefore, 
(fc,7) = e^'^^"'^ . Thus, the complex number e^'^*" identifies the character 7. 
This proves that F is T. 

(IV) Finally, in case that G = Z„, the dual group is also Z„. 

Let us now consider i7 C G, a closed subgroup of an LCA group G. Then, the 
quotient G/H is a regular (T3) topological group. Moreover, with the quotient 
topology, G/H is an LCA group and if G is second countable, the quotient G/H is 
also second countable. 

For an LCA group G and H C G a. subgroup of G, we define the subgroup A of 
F as follows: 

A = {7 G F : (/i,7) ^l,\fheH}. 

This subgroup is called the annihilator of H. Since each character in F is a contin- 
uous function on G, A is a closed subgroup of F. Moreover, if iJ C G is a closed 
subgroup and A is the annihilator of H, then H is the annihilator of A (see [T4l 
Lemma 2.1.3.]). 

The next result establishes duality relationships among the groups H, A, G/H 
and F/A. 

Theorem 2.3. If G is an LCA group and H C G is a closed subgroup of G, then: 

(i) A is topologically isomorphic to the dual group of G/H, i.e: A « (G/H). 

(ii) F/A is topologically isomorphic to the dual group of H , i.e: T / A ^ H . 
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Remark 2.4. According to Theorem [2TT1 each element of G mduces one character 
in r. In particular, if i7 is a closed subgroup of G, each h E H induces a character 
that has the additional property of being A-periodic. That is, for every S G A, 
{h, 7 + 5) = (/i, 7) for all 7 G F. 

The following definition will be useful throughout this paper. It agrees with the 
one given in |10j . 

Definition 2.5. Given G an LCA group, a uniform lattice H in G is a. discrete 
subgroup of G such that the quotient group G/ H is compact. 

The next theorem points out a number of relationships which occur among G, 
_ff , r, A and their respective quotients. 

Theorem 2.6. Let G be a second countable LCA group. If H C G is a countable 
(finite or countably infinite ) uniform lattice, the following properties hold. 

(1) G is separable 

(2) H <ZG is closed. 

(3) G/H is second countable and metrizable. 

(4) A C r, the annihilator of H , is closed, discrete and countable. 

(5) H « r/A and (gJh) « A. 

(6) r/A is a compact group. 

Note that in particular, this theorem states that A is a countable uniform lattice 
in r. 



2.3. Haar Measure on LCA groups. 

On every LCA group G, there exists a Haar measure. That is, a non-negative, 
regular borel measure mg, which is not identically zero and trans-lation-invariant. 
This last property means that, 

mciE + x) = maiE) 

for every element x € G and every Borel set E C G. This measure is unique up to 
constants, in the following sense: if ma and ttlq arc two Haar measures on G, then 
there exists a positive constant A such that mc ~ Xuiq. 

Given a Haar measure ma on an LCA group G, the integral over G is translation- 
invariant in the sense that, 

/ f {x + y) dmcix) = / f{x)dmG{x) 

JG JG 

for each element y E G and for each Borel-measurable function / on G. 

As in the case of the Lebesgue measure, we can define the spaces LP{G,mG), 
that we will denote as LP{G), in the following way 

L^{G) = {/ : G ^ C : / is measurable and / \f{x)Y' dmG{x) < c3o}. 

JG 

If G is a second countable LCA group, LP{G) is separable, for all 1 < p < 00. We 
will focus here on the cases p — I and p — 2 

The next theorem is a generalization of the periodization argument usually ap- 
plied in case G = K and H ~ Z (for details see [3 Theorem 28.54]). 
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Theorem 2.7. Let G be an LCA group, H C G a closed subgroup and / G L^{G). 
Then, the Haar measures ma, rnn and mQ/jj can be chosen such that 



f {x) dmcix) ^ j / f{x + h)dmH{h)dmG/H{[x\), 
JG/H Jh 

where [x] denotes the coset of x in the quotient G/H. 

If G is a countable discrete group, the integral of / E L^ (G) over G, is determined 
by the formula 

/ /(a;)dmG(x)==mG({0})^/(x), 
•'^ xeG 
since, due to the translations invariance, mciix}) = mG({0}), for each element 
xGG. 

Definition 2.8. A section of G/H is a set of representatives of this quotient. That 
is, a subset C of G containing exactly one element of each coset. Thus, each element 
x G G has a unique expression of the form x = c + h with c € C and h £ H . 

We will need later in the paper to work with Borcl sections. The existence of 
Borcl sections is provided by the following lemma (see and [5]). 

Lemma 2.9. Let G be an LCA group and H a uniform lattice in G. Then, there 
exists a section of the quotient G/LI , which is Borel measurable. 

Moreover, there exists a section of G/H which is relatively compact. 

A section G C G of G/iJ is in one to one correspondence with G/H hy the 
cross-section map r : G/H — > G, [x] t— > [x] fl G. Therefore, we can carry over the 
topological and algebraic structure of G/H to G. Moreover, if G is a Borel section, 
T : G/H ^ C is measurable with respect to the Borel cr-algebra in G/H and 
the Borel cr-algebra in G (see [SJ Theorem 1 ]). Therefore, the set value function 
defined by m{E) — mQ/fj{T~^{E)) is well defined on Borel subsets of G. In the 
next lemma, we will prove that this measure m is equal to vtlq up to a constant. 

Lemma 2.10. Let G be an LCA group, H a countable uniform lattice in G and C 
a Borel section of G/H. Then, for every Borel set E <Z C 

mciE) - mHm)mG/HiT-\E)), 

where r is the cross-section map. 

In particular, mciG) ~ mn {{0})mQ / ^ (G / H) . 

Proof. According to Lemma [2791 there exists a relatively compact section of G/H. 
Let us call it G'. Therefore, if G is any other Borel section of G/H, it must satisfy 
tog(G) = niQiC'). Since G' has finite vtlq measure, G must have finite measure as 
well. 

Now, take E C G a Borcl set. Using Theorem 12.71 



mciE) ^ / XEix)dmG{x) = / / xe{x + h)dmH{h) dmc/HiM) 

J G/H JH 

= TOff({0}) / X£;(a; + /i)dTOG/i/(N) 



"^^({0}) / XT-^(E){[x\)dmG/H{[x\) 

JG/H 

mHm)mG/H{T-\E)). 
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□ 

Remark 2.11. Notice that C, together with the LCA group structure inherited by 
G/H through t, has the Haar measure m. We proved that tog|c, the restriction 
of me to C, is a muhiple of to. It foUows that tog|c is also a Haar measure on C . 

In this paper we will consider C as an LCA group with the structure inherited 
by G/H and with the Haar measure toq. 

A trigonometric polynomial in an LCA group G is a function of the form P{x) = 
Sj=i '''ji^^lj)^ where G T and aj G C for all 1 < j < n. 

As a consequence of Stone- Weierstrass Theorem, the following result holds, (see 
[11], page 24). 

Lemma 2.12. If G is a compact LCA group, then the trigonometric polynomials 
are dense inC{G), where C{G) is the set of all continuous complex-valued functions 
on G. 

Another important property of characters in compact groups is the following. 
For its proof see proof of [141 Theorem 1.2.5]. 

Lemma 2.13. Let G be a compact LCA group and T its dual. Then, the characters 
of G verify the following orthogonality relationship: 



{x,^){x,^')dniG{x) =mG{G)SjY, 

'G 

for all 7,7' G r, where 5^^i = 1 if ^ — j' and S^^i ~ if J =/= l' ■ 

Let us now suppose that i7 is a uniform lattice in G. If F is the dual group of 
G and A is the annihilator of H, the following characterization of the characters of 
the group F/A will be useful to understand what follows. 

For each h G H, the function 7 i-» (ft., 7) is constant on the coscts [7] = 7 + A. 
Therefore, it defines a character on F/A. Moreover, each character on F/A is of 
this form. Thus, this correspondence between H and the characters of F/A, which 
is actually a topological isomorphism, shows the dual relationship established in 
Theorem 1231 

Furthermore, since F/A is compact, we can apply Lemma [2.131 to F/A. Then, 
ioT h & H, we have 



r/A 



(ft,[7])dTO,/,([7])^^ -^^/f/^) ^1 = 1 (1) 



2.4. The Fourier transform on LCA groups. 

Given a function / G L^(G) we define the Fourier Transform of /, as 

lil) = I .fix)[x, -7) dmaix), 7 e F. (2) 

JG 

Theorem 2.14. The Fourier transform is a linear operator from L^(G) into Co(F), 
where Co(F) is the subspace of C{T) of functions vanishing at infinite, that is, f G 
Co(F) if f G C(F) and for all e > there exists a compact set K G G with \ f{x)\ < e 
if X G K". 

Furthermore, A : L^{G) Co(F) satisfies 

Til) = V7 G F ^ f{x) = a.e. x G G. (3) 
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The Haar measure of the dual group F of G, can be normaUzed so that, for a 
specific class of functions, the following inversion formula holds (see [Ml Section 



In the case that the Haar measures mc and mr are normalized such that the 
inversion formula holds, the Fourier transform on L^{G)r)L^{G) can be extended to 
a unitary operator from L^(G) onto i^(r), the so-called Plancharel transformation. 
We also denote this transformation by " A" . 

Thus, the Parseval formula holds 



where /, g G L'^{G). 

Let us now suppose that G is compact. Then F is discrete. Fix mo and mr 
in order that the inversion formula holds. Then, using the Fourier transform, we 
obtain that 



The following lemma is a straightforward consequence of Lemma I2.13[ equation 
([!]) and statement ([3]). 

Lemma 2.15. If G is a compact LCA group and its dual F is countable, then the 
characters {7 : 7 G F} form an orthogonal basis for L'^(G). 

For an LCA group G and a countable uniform lattice H in G, we will denote by 
Q, a Borel section of F/A. In the remainder of this paper we will identify i^(ri) 
with the set {(p S ^^(F) : a.e. T\Vl] and L^{Vl) with the set {((> e L^{r) : 
= a.e. T\n}. 

Let us now define the functions r/h T t-^ C, as 77/1(7) = {h, —j)xn{l)- Using 
Lemma [2.151 we have: 

Proposition 2.16. Let G he an LCA group and H a countable uniform lattice in 
G. Then, {i]h}heH is an orthogonal basis for L^(fl). 

Remark 2.17. We can associate to each ip e i^(ri), a function ip' defined on 

F/A as <p'([7]) = '^seA'fii'y + '^^^ correspondence cp ^ cp' , is an isometric 
isomorphism up to a constant between L^(rj) and i^(F/A), since 



Combining the above remark, Proposition l2 . 1 6l and the relationships established 
in Theorem 12. 3[ wc obtain the following proposition, which will be very important 
on the remainder of the paper. 

Proposition 2.18. Let G be an LCA group, H countable uniform lattice on G, 
T ~ G and A the annihilator of H . Fix f2 a Borel section 0/ F/A and choose uih 
and mr /a such that the inversion formula holds. Then 



1.5]), 





1 = mr({0})mG(G). 



(4) 



"pWIhu) = "iA({0})||(^'||i2(r/A)- 




for each a 



{ah}heH e i'^ 



[H). 
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Proof. Let a G i^iH). So, 

\\a\\e^{H) = \\a\\L^{r/A), (5) 

since H r^T/A and therefore A: H ^T/A. 

Take tp{j) = Eheff ~7)xn(7)- Then, by Proposition [2H ip eL^fl). 

Furthermore, i/3'([7]) = a.e. 7 € 51. So, as a consequence of Remark |2.17[ we 
have 

Now, a([7]) = "^^({0}) '^''C''' "[7])- Therefore, substituting in equations 

© and dS]), 

II II "ig({0}) 

FinaUy, since mr(r2) = mA({0}) 7Tir/A(r/A), using ([4]) we have that 

mg({0}) ^ mg({0})V^ 
toa({0})i/2 mr(ll)i/2 ' 

which completes the proof. □ 

We finish this section with a result which is a consequence of statement ([3]) and 
Theorem O 

Proposition 2.19. Let G, H and Vl as in Proposition \ 2.18\ If (f) £ i^(ri) and 
4>{h) — for all h £ H, then <f>{u}) = a.e. to &Vt. 

3. i7-lNVARIANT SPACES 

In this section we extend the theory of shift-invariant spaces in to general 
LCA groups. We will develop the concept of range function and the techniques of 
fiberization in this general context. The treatment will be for shift-invariant spaces 
following the lines of Bownik [1] . The conclusions for doubly invariant spaces will 
follow via the Plancherel theorem for the Fourier transform on LCA groups. 

First we will fix some notation and set our standing assumptions that will be in 
force for the remainder of the manuscript. 

Standing Assumptions 3.1. We will assume throughout the next sections that. 

• G is a second countable LCA group. 

• _ff is a countable uniform lattice on G. 

We denote, as before, by F the dual group of G, by A the annihilator of iJ, and 
by fl a fixed Borel section of F/A. 

The choice of particular Haar measure in each of the groups considered in this 
paper does not affect the validity of the results. However, different constants will 
appear in the formulas. 

Since we have the freedom to choose the Haar measures, we will fix the following 
normalization in order to avoid carrying over constants through the paper and to 
simplify the statements of the results. 

We choose mA and mn such that toa({0}) = m//({0}) = 1. We fix rnp/A 
such that TOr/A(r/A) = 1 and therefore the inversion formula holds between H 
and F/A. Then, we set mr such that Theorem 12.71 holds for mp, mr/A and toa- 
Finally, we normalize mo such that the inversion formula holds for mr and mc- 
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As a consequence of the normalization given above and Lemma 12.101 it holds 
that TOr(ri) = 1. Note that under our Standing Assumptions 13. ll Theorem 12.61 
applies. So we will use the properties of G, H, T and A stated in that theorem. 

3.1. Preliminaries. 

The space L'^{ft,£'^{A)) is the space of all measurable functions ^^(A) 
such that 

\\'^i^)\\%{A) dmriuj) < oo, 

where a function <I> : — > £^(A) is measurable, if and only if for each a € £'^(A) 
the function lu {^{lo), a) is a measurable function from into C. 

Remark 3.2. This is the usual notion of weak measurability for vector functions. 
If the values of the functions are in a separable space, as a consequence of Petti's 
Theorem, the notions of weak and strong measurability agree. As we have seen in 
Section [2] and according to our hypotheses, A is a countable uniform lattice on F. 
Therefore, ^^(A) is a separable Hilbert space. Then, in L^(r2,£^(A)) we have only 
one measurability notion. 

The space L^(fJ, £^(A)), with the inner product 

(4>,*) := / mLj),<f{uj))r2^A)dmr{iv) 

is a complex Hilbert space. 

Note that for $ e L^{n,f{A)) and lo e n 

ll$Hll£^(A) = (El(*H)^l')'^'' 

where {^{uj))s denotes the value of the sequence $(a;) in S. If <f> e L^{fl,('^{A)), 
the sequence $(0-1) is the fiber of ^ at to. 

The following proposition shows that the space L^(il,£^(A)) is isometric to 
L\G). 

Proposition 3.3. The mapping T : L'^{G) — > L^(rJ,£^(A)) defined as 

Tf{u;) = {f{u; + S)}seA, 

is an isomorphism that satisfies ||T/||2 = ||/||l2(g)- 

The next periodization lemma will be necessary for the proof of Proposition [3?3l 

Lemma 3.4. Let g E L^{T). Define the function Q{uj) ~ J^seAldi^ ^ ^)\'^ ■ Then, 
Q G L^{ fl) and moreover 

\\g\\mr) = WGh^n)- 
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Proof. Since is a section of F/A, we have that T = IJ^g/^ ft — 6, where the union 
is disjoint. Therefore, 

/ \g{j)fdmrh) = E / \9i^)\' dmr{cj) 

= / J2\g{u; + 6)\'dmr{u;). 
Jn _5g^ 

This proves that Q G L'^{Vl) and I|g||L2(r) = ||^llLi(f2)- □ 

Proof of Proposition [Ql First we prove that T is well defined. For this we must 
show that, V/ e L^{G), the vector function Tf is measurable and IIT/II2 < 00. 

According to Lemma \3A[ the sequence {/(w + S)}seA G ^^(A), a.e. a; e il, 
for all / e L'^{G). Then, given a = {as}seA G ^^(A), the product (T f{uj),a) = 
TliSi^A fi'^ + finite a.e. to € ^l. From here the measurability of / implies 

that Lu <—>■ (Tf(Lu),a) is a measurable function in the usual sense. This proves the 
measurability of Tf. 

If / g L^{G), as a consequence of Lemma [3^ we have 

11^/112 = JjTf{iu)\\%^^^dmriLu) 

= j^\f{l)? dmrii) 

- / \f{x)\'dmG{x). 
Jg 

Thus, IIT/II2 < 00 and this also proves that ||T/||2 = ||/||l2((5-). 

What is left is to show that T is onto. So, given <i> e L^(il,£^(A)) let us 
see that there exists a function / e L^{G) such that Tf = $. Using that the 
Fourier transform is an isometric isomorphism between Lp'{G) and Lp'{T), it will be 
sufhcient to find g S i^(r) such that {g{'jJ + (5)}5gA = ^{u)) a.e. w S and then 
take / e L'^{G) such that / g. 

Given 7 G F, there exist unique G 51 and (5 G A such that 7 = + (5. So, we 
define (7(7) as 

g(7) - ($(^)),. 
The measurability of g is straightforward. 
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Once again, according to Lemma [331 




= lj^{^)\\%iA)dmr{uj) 
- 11*112 < +00. 



Thus, g e L'^ 



(r) and this completes the proof. 



□ 



The mapping T will be important to study the properties of functions of (G) 
in terms of their fibers, (i.e. in terms of the fibers T J{lj)). 

3.2. _ff-invariant Spaces and Range Functions. 

Definition 3.5. We say that a closed subspacc V C L'^{G) is H -invariant if 



where tyf{x) = f{x — y) denotes the translation of / by an element y of G. 

For a subset A C L^{G), we define 

Eh{A) = {thip : If e A,h e H} and S{A) = span Eh {A). 

We call S{A) the _ff-invariant space generated by A. If ^ = {(p} , we simply write 
Eh{^) and S((p), and we call S{ip) a principal H -invariant space. 

Our main goal is to give a characterization of iJ-invariant spaces. We first need 
to introduce the concept of range function. 

Definition 3.6. A range function is a mapping 



The subspacc J{uj) is called the fiber space associated to lj. 

For a given range function J, we associate to each G 51 the orthogonal projec- 
tion onto J{uj), : ^2(A) J{uj). 

A range function J is measurable if for each a £ £^(A) the function lo ^ PujCl, 
from into £^(A), is measurable. That is, for each a,b G -^^(A), w 1— > {Puja,b) is 
measurable in the usual sense. 

Remark 3.7. Note that J is a measurable range function if and only if for all 
$ e L^{n,f{A)), the function ui ^ F^($(tj)) is measurable. That is, V 6 e £^(A), 
w ^ (Ptj , fe) is measurable in the usual sense. 

Given a range function J (not necessarily measurable) we define the subset Mj 

as 



feV^tiJeV yheH, 



J : n 



{closed subspaces of ^^(A)}. 



Mj = {$ e L^{n,f{A)) : $(w) G J{uj) a.e. uj e Vl). 
Lemma 3.8. The subset Mj is closed in L^{Q,i'^{A)). 
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Proof. Let {$j}jeN Q Mj such that $j $ when j ^ oo in L'^{n,£^{A)). Let 
us consider the functions gj : fl ^ M>o defined as gj{uj) := |j<i>j(a;) — <i>(cj)||^2(.^^. 
Then, gj is measurable for aU j G N and V a > it holds that 

mriigj > a}) < - / gj{uj) dmriuj) ^ - / - ^{uj)]]^)^^) dmr{uj) ~^ 0, 

when J — > oo. So. gj — > in measure and therefore, there exists a subsequence 
{5jfc}fceN of {gj}ji£N which goes to zero a.e. uj G fl. Then, ^j^(Lu) —> in 
£'^{A) a.e. w £ £7 and hence, since G J{u!) a.e. uj <E ft and J{uj) is closed, 

$(a;) G J(w) a.e. w G fi. Therefore $ G Mj. □ 

The following proposition is a generalization to the context of groups of a lemma 
of Helson, (see [6] and also [1]). 

Proposition 3.9. Let J be a measurable range function and P^^ the associated 
orthogonal projections. Denote by V the orthogonal 'projection onto Mj. Then, 

= P^($(w)), a.e.uj£n, <^ e L^{n,f{A)). 

Proof. Let Q : i^(f7, ^^(A)) -> ^^(A)) be the linear mapping 3> ^ Q$, where 

(Q$)(a;) :=P„($H). 

We want to show that Q = P. 

Since J is a measurable range function, due to Remark 13.71 is measurable 
for each <i> G L^(ri, ^^(A)). Furthermore, since P^ is an orthogonal projection, it 
has norm one, and therefore 



^ f \\{Q<p)iu;)\\l^^^dmriLo) 



< y^Ji'i>MII'2(A)rf"^rH = 11*11^ <oo. 

Then, Q is well defined and it has norm less or equal to 1. 

From the fact that P^, is an orthogonal projection, it follows that Q? = Q and 
Q* = Q. So, Q is also an orthogonal projection. To complete our proof let us see 
that M = Mj, where M := Ran{Q). 

By definition oi Q, M C Mj. 

If we suppose that M is properly included in Mj, then there exists ^ G Mj such 
that vE- 7^ and 4- ± M. Then, V G 2.2(^7^ £2(^))^ q ^ (q$^^) = g^). 

Hence, = and therefore P^[^{iu)) = a.e. cj G fi. Since * G Mj, 
^'(ti^) G J{lu) a.e. w G ri, thus P^['<i'{uj)) = *(cj) a.e. t^; G il. Finally, ^1/ = a.e. 

G 51 and this is a contradiction. □ 

We now give a characterization of _ff-invariant spaces using range functions. 

Theorem 3.10. Let V C L^(G) be a closed subspace and T the map defined in 
Proposition Then, V is H -invariant if and only if there exists a measurable 

range function J such that 

V = {f e L^{G) : Tf{uj) G J{uj) a.e. u G Vl] . 



SHIFT INVARIANT SPACES ON LCA GROUPS 



13 



Identifying range functions which are equal almost everywhere, the correspon- 
dence between H -invariant spaces and measurable range functions is one to one 
and onto. 

Moreover, if V ^ S{A) for some countable subset A of L^{G), the measurable 
range function J associated to V is given by 



For the proof, we need the foUowing resuhs. 

Lemma 3.11. If J and K are two measurable range functions such that Mj ~ Mk, 
then J{lu) = K{lo) a.e. uj E Q. That is, J and K are equal almost everywhere. 

Proof. Let and be the projections associate to J and K respectively. If V 
is the orthogonal projection onto Mj = Mk, by Proposition 13.91 we have that, for 
each $ G L^{n,e{l^)) 

(P$)(cj) = P^($H) and = Q^($(cj)) a.e. e f!. 

So, Pu>{^{uj)) = a.e. w e 17, for all $ e L^{n,e{lS.)). In particular, 

if ex £ £^{A) is defined by {e\)s = 1 if 5 = A and {e\)s = otherwise, Puj{e\) = 
Qu[e\) a.e. S fi, for all A G A. Hence, since {caIasA is a basis for ^^(A), it 
follows that P^ = a.e. a; G il. Thus J{uj) = K{uj) a.e. uj £ ^l. □ 

Remark 3.12. Note that for / G L'^{G) and for h G H, 



{h, .) is A-periodic. 

Proof of theorem \3.1(A Let us first suppose that V is _ff-invariant. Since L^{G) is 
separable, V ~ S{A) for some countable subset A of L^{G). 

We define the function J as J{uj) = span{ T</?(lj) : (p G -4}. Note that since A 
is a countable set, J is well defined a.e. uj £ il. We will prove that J satisfies: 

(i) V^{f £ L^{G) : Tf{u;) £ J{uj) a.e. uj £ ft}, 

(ii) J is measurable. 

To show (i) it is sufficient to prove that M ~ Mj, where M := TV. Let 
$ G M. Then, T^^* £V^ span{t,ii^ : h £ H, ip £ A}. Therefore, there exists a 
sequence {gj}jeN C span{t/i<y9 : h £ H, ip £ A} such that Tgj :~ $j converges in 
L^{n,e^{A)) to when j ^ oo . 

Due to the definition of J and Remark 13.121 ^j{uj) £ J{'^) a.e. G 51. Thus, in 
the same way that in Lemma |3.8[ we can prove that <I>(a;) G J{uj) a.e. oj £ and 
therefore $ G Mj. So, M C Mj. 

Let us suppose that there exists ^' G i^(ri, ^^(A)), such that 5' 7^ and ^ 
is orthogonal to M. Then, for each $ G M, ($, = 0. In particular, if $ G 
TA^TV = M andh £ H, we have that {h, .)$(.) £ TV ^ M since {h, .)$(.) = 
T(t_^T-i$)(.) and t-hT-^<^> £ V. 

So, as (/i, .) is A-periodic, 



Hence, by Proposition 12.191 {^{uj),'i!{Lo))i2^^-^ = a.e. lo £ VI, and this holds 
V $ G T{A). Therefore ^{uj) £ J{uj)^ a.e. w G 17. 



J{lo) ~ span{T(y9(a;) : £ A}, a.e. uj £ 17. 
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Now, if M is properly included in A/j, there exists 5* G Mj, with 4* 7^ and 
orthogonal to M . Hence, 'I'(w) e J{'-^)^ a.e. w G 51. On the other hand since 
^ e Mj, g J(aj) a.e. w e 17. Thus, *(tj) = a.e. G f2 and this is a 

contradiction. Therefore M ~ Mj. 

It remains to prove that the range function J is measurable. For this we must 
show that, for all a,b G £'^{A), uj <^ {P^a,b) is measurable, where : ^^(A) 
J(ijj) are the orthogonal projections associated to J {to), 

Let I be the identity mapping in L'^{n, {"^{A)) and V : L'^{n, £'^{A)) M the 
orthogonal projection associated to M. If G L'^i^, £^{A)), the function {X — V)'^ 
is orthogonal to M and, by the above reasoning, {I — V)'^{ijj) G J(tj)'^, a.e. w G il. 
Then, 

a.e. w G and therefore Pt^(*(w)) = ^^(^^'(cj)) = P*(a;) a.e w G 17. In 
particular, P^^a = Va{uj) a.e. w G 17, V a G ^^(A). Thus, since ui {Va{uj)a,b) is 
measurable V 6 G ^^(A), cj ^ (PjO, b) is measurable as well. 

Conversely, if J is a measurable range function, let us see that the closed subspace 
in L^(G), defined by V := T^^(Afj) is i7-iiivariant. For this, let us consider f € V 
and h G H and let us prove that t^f G V. 

Since T{thf){uo) — {h, —llj)T f{u!) a.e. G O and T/ G Mj, we have that 
{h, -uj)T f{uj) G J(w) a.e. uj £ D,. Then, T{thf) G A/j and therefore i/^/ G V. 

Furthermore, V = '5'(^) for some countable set A of L'^{G). Then, 

K{uj) = span{T(/3(a-') : (,c G ^} a.e. w G 17, 

defines a measurable range function which satisfies V = T^^{Mk)- Thus, Mk ~ 
TV = Mj. Since J and K are both measurable range functions, Lemma 13.111 
implies that J = K a.e w G 17. 

This also shows that the correspondence between V and J is onto and one to 
one. □ 

4. Frames and Riesz Basis for H-invariant Spaces 

Let 7i be a Hilbert space and {wijig/ a sequence of 7i. 

The sequence {ui\i^i is a Bessel sequence in Ti. with constant B if 

<P||/f, for ah /G7i. 

iei 

The sequence {uijie/ is a frame for H with constants yl and P if 
A\\fr <Y.\{f,ui)\' <B\\fr, for all / G 

The frame {ui}i^i is a fzi?/!^ frame if ^ = P. and the frame {wijig/ is a Parseval 
frame if A = B ~ 1. 

The sequence is a Riesz sequence for ?i if there exist positive constants 

A and _B such that 

iei iei iei 

for all {oijig/ with finite support. Moreover, a Riesz sequence that in addition, is 
a complete family in H, is a iJzesz basis for 7i. 
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We are now ready to prove a result which characterizes when Eh (A) is a frame 
of L'^{G) in terms of the fibers {TLpiuj) : (f e A\. It generahzes Theorem 2.3 of [1] 
to the context of groups. 

Theorem 4.1. Let A be a countable subset of L'^{G), J the measurable range 
function associated to S{AC) and A < B positive constants. Then, the following 
propositions are equivalent: 

(i) The set Eh{A) is a frame for S{A) with constants A and B. 

(ii) For almost every to £ Q., the set {Tif{uj) : ip G A\ C £^(A) is a frame for 
J{lo) with constants A and B. 



Proof. Since {f,g)L'^(G) = f,'^9) L^{n,P(A)), by Remark [3J2] we have that 



|2 



Let us define for each ip & A, the foUowing, 



E E I / (/i,-c.)(T^(c.),T/(c.)),2(A)dmr(c.)|^ 



heH •'^^ 

and 

T{v>)^ I \{Tip{uj),Tf{uj))e2(A)\'^dmr{uj). 
Jn 

(i) (ii) If Eh (A) is a frame for S{A), in particular it holds that V/ G S{A), 
T.heH^eA\(^h'pJ)? < oo. 

Then, for each ipEA,we have that R{(p) < oo. Therefore, the sequence {ch}heH, 
with 



Jn 

belongs to £'^{H). 

Let us consider the function F{uj) :~ X^/ie-f/ ^hrjhi^), where rjh arc the functions 
defined in Lemma [2.16l Then, since {ch}h^H G f'{H) and {rih}h£H is an orthogonal 
basis of we have that F G L^(ri) C L^{Vl) (recall that mr(f^) < oo). 

On the other hand, the function i!{u}) := {T(p{uj),T f{uj))i2(A-f belongs to L^{rt). 
So, ip — F ^ L^{n) and moreover 

(h, ~uj){^p{uj) - F{uj))dmriuj) = c.^ - c_/i = 

for all h £ H. Thus, Proposition 12.191 yields that F ^ ip a.e. u; G fl. Therefore 
ijj G L^in) and 

^('^) = E ^hJlh{(^), 
heH 

a.e. w G ri. 

As a consequence of Proposition l2.18[ wc obtain that R{(p) ~ T{if) holds for all 
A. 

We will now prove that, for almost every a; G il, {Tlp{uj) : ip G A} is a frame 
with constants A and B for J{uj). 
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Let US suppose that 

< ^ |(r^H,P^d)p < B\\P^d\\%^^^ (7) 

a.e. w G fi, for each d E "D, where P is a dense countable subset of £^(A) and P^^ 
are the orthogonal projections associated to J. Then, for each d € "D, let C 
be a measurable set with mr{Zd) = such that (O holds for all uj € Zd- So 
the set Z = UdGX' ^^^^ mr-measure. Therefore for uj E Q\ Z and a e ■/(w), 
using a density argument it follows from ([7]) that 

A\\af<J2\{T^iu;),a)\'<B\\af. 

Thus, it is sufficient to show that ([7]) holds. For this, we will suppose that this 
is not so and we will prove that there exist do E V, a. measurable set W E U with 
mr(W) > 0, and e > such that 

\{rip{Lu),P^do)\^ > {B + e)\\P^dof, VluEW 

or 

J2 |(r^H,Pc.do)|' < - e)\\P^dof, \^uJEW. 
ipeA 

So, let us take do E V for which ^ fails. Then at least one of this sets 

{ujEn:K{uj)-B\\P^dof>0} , {uj En-. K{uj) - A\\P^do\\^ <0} 

has positive measure, where K{uj) := X]<^e^ ^t^'^o)P- Let us suppose, 

without loss of generality, that 

mr{{uj E n : K{uj) - B\\P^dof > 0}) > 0. 

Since 

{ujEn-. K{uj) - B\\P^dof >0}=[j{uj En-. K{uj) -B + -)\\P^do\\'^ > 0}, 

there exists at least one set in the union, in the right hand side of this equality, 
with positive measure and this proves our claim. 
Then, we can suppose that 

Y,\{T^{uj),P^do)\^ > {B + e)\\PM^ y^eW (8) 
<peA 

holds. Now take / E S{A) such that Tf{uj) = Xw{'-^)Pu]do- Note that this is 
possible since, by Theorem 13. 101 XE{^)Pujdo is a measurable function. 
As Eh{A) is a frame for S{A) and 

we have that 

A\\ff <Y. I l(T¥'H,r/H)pdmrH < B\\f\\\ (9) 
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Using Proposition 13.31 we can rewrite ([9j) as 

A\\Tfr < E / l(T^M,r/M)pdmrH < i3||r/f . (10) 

Now, 

11^/11'= / Xw{^)\\P^do\\^dmr{u;) 
Jn 

and if we integrate in (HI) over W, we obtain 

I \{r^{oj),xw{^)PM''dmr{uj)>{B^e)\\rff. 
veA''^ 

This is a contradiction with inequahty (|10p . Therefore, we proved inequahty ([7]). 

(m) =4> (i) If now {Tif^Lu) : ip G A} is a frame for J{uj) a.e w G with constants 
A and B, we have that 

A\\ar<J2\(T^{u;),a)\'<B\\af 

V&A 



for aU a G J(ti')- In particular, if / G S{A), by Theorem 13. 10( Tf(uj) G J(w) a.e. 
G and then, 

A\\Tf{u:)r < E l(^^M,^/M)l' < Sr/Mf (11) 

a.e. u! G Q. 

Thus, integrating (fTTj) over fi, we obtain 

^||r/f < / ^ \{T^iu;),Tfiu;))\'dmr{u;) < S||r/f . (12) 

So, (T (i5(.), T /(.)) belongs to L'^{Q) for each tp e A and the equality R{ip) = T{tp), 
can be obtained in a similar way as we did before. 
Finally, since \\Tfg = \\f\\l and 

E E K^'«^'/)i^(G)l' = E / l(r^(^),^/(^))^^(A)Pdmr(c.), 

heH fEA ipeA-'^ 

inequality (fT2|) implies that (^) is a frame for S{A) with constants ^ and B. □ 

Theorem 14. II reduces the problem of when Eh{A) is a frame for S{A) to when 
the fibers {Tifito) : (p G ^1} form a frame for J(w). The advantage of this reduction 
is that, for example, when ^ is a finite set, the fiber spaces {Tip{ijj) : G A} are 
finite dimensional while S{A) has infinite dimension. 

If ^ = {(p}. Theorem 14. II generalizes a known result for the case G = M'^ to the 
context of groups. This is stated in the next corollary, which was proved in [TT] . 
We give here a different proof. 

Corollary 4.2. Let ip G L'^{n) and fJ^ = G 17 : X^aeA + ^ 0}- ™en, 
f/ie following are equivalent: 

(i) T/ie sei Eniip) is a frame for S{ip) with constants A and B. 

(ii) A < EaeA + < S, a.e. G Q^. 
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Proof. Let J be the measurable range function associated to S{ip). Then, by The- 
orem lSTTOl J{uj) = span{T93(ti;)} a.e to £ fl. Thus, each a G can be written as 
a = XTip{uj) for some A G C. 

Therefore, by Theorem 14. li (i) holds if and only if, for almost every lo € and 
for all A G C, 

AIIAT^Hf < |An|r^M||4 < iJIIATv^Hf . (13) 
Then, since \\Tip{uj)f = T,5eA + & Isolds if and only if 

A <^\if{uj + 6)f < B, a..e.ujen^. 

□ 

For the case of Riesz basis, we have an analogue result to Theorem 14. II 

Theorem 4.3. Let A be a countable subset of Lr'{G), J the measurable range func- 
tion associated to S{A) and A < B positive constants. Then, they are equivalent: 

(i) The set Eh (A) is a Riesz basis for S{A) with constants A and B. 

(ii) For almost every uj £ ft, the set {T(p{lli) : ip G A\ C £^(A) is a Riesz basis 
for J{lo) with constants A and B. 

For the proof we will need the next lemma. 

Lemma 4.4. For each m G L°°{Q) there exists a sequence of trigonometric poly- 
nomials {Pk}keN such that: 

(i) Pfc(w) 'm{uj), a.e. to € Q,, 

(ii) There exists C > 0, such that ||Pfc||oo < C, for all fc G N. 

Proof. By Lemma r2.121 taking into account Remark l2.1H we have that the trigono- 
metric polynomials are dense in C{Q). 

By Lusin's Theorem, for each fc G N, there exists a closed set Ek ^ such 
that 77ir(f^ \ Ek) < 2"*^ and rn\Ek is a continuous function where mj^;^ denotes the 
function m restricted to E^. 

Since f2 is compact, Ek is compact as well. Therefore, m\E^. is bounded. 

Let mi, 7712 : Ek —>■ ^ he continuous function such that m\E^. = rni + I77i2- As 
a consequence of Tietze's Extension Theorem, it is possible to extend 77ii and 7712, 
continuously to all fl keeping their norms in L°°{Ek). Let us call the extensions 
7771 and 7772 and let 777^ = tttT + 77772. Then, we have: 

(1) mTlfifc = m\Ek, 

(2) ||777fe||oo < IItTTTIIoo + llTTTilloo < ||777l||oo + ||7)7,2||oo < 2||7r7||oo. 

Now, by Lemma I2.12[ there exists a trigonometric polynomial P^ such that 
||Pfe-m^||oo<2-^ So, 

(a) \Pk{'jj) - m{uj)\ < 2^^, for all uo G Ek, 

(b) \\Pk\\oo < \\Pk - rnWoo + llmTlloo < 2-'^- + 2||777||oo < 1 + 2|l777||oo. 

Repeating this argument for each fc G N, we obtain a sequence {PfcjfcgN of 
trigonometric polynomials and a sequence {Ek}ki£N of sets, which satisfy conditions 
(a) and (&). 

Let E = U°^i Ek- It is a straightforward to see that 777r(il \ E) = 0. 

Let us prove that if w G -B, Pki^^) —>■ "7(0;), for k — > 00. Since uj £ E, there 
exists fco G N for which uj E Ek, V fc > /cq- Then, for all k > fco, we obtain that 



SHIFT INVARIANT SPACES ON LCA GROUPS 



19 



\Pk{uj) — m{uj)\ = \Pk{uj) — TOfc(cj)| < 2 ^ 0, when k ^ oo. This proves part (i) 
of this lemma and taking C := 1 + 2||m||oo we have that (m) holds. □ 

Proof of Theorem\4^ Since S{A) = span Eh (A) and, by Theorem [330l J{uj) = 
span{T<y9(ci;) : tp £ A}, we only need to show that Eh {A) is a Riesz sequence 
for S{A) with constants A and B if and only if for almost every a; G J7, the set 
{T(p{lu) : (fi G A} C £^(A) is a Riesz sequence for J(w) with constants A and i?. 

For the proof of the equivalence in the theorem, we will use the following rea- 
soning. 

Let {aip,h}(ip,h)eAxH be a sequence of finite support and let P^p be the trigono- 
metric polynomials defined by 

hGH 

with uj £ Q and rjh as in Proposition 12.161 

Note that, since {aip,h}(ip,h)eAxH has finite support, only a finite number of the 
polynomials P^ are not zero. 

Now, as a consequence of Proposition 13. 31 we have 

II ^ atp,/!^/j'rf5|li2(G) = II ^ a'P,'i^^'i¥'|li2(j^^f2(A)) 

{<p,h)eAxH {^.h)eAxH 

= / II a^j,{-h,uj)Tifi{uj)\\%^^)dmr{uj) (^^4) 




Furthermore, by Lemma |2.18[ 

la^.'^P = \\{0'v>,h}heH\\i2(^H) Il-Pylli2(n); 

and adding over A, we obtain 

E K./J' = Ell^^lli=(n)- (15) 

(a) ^ (i) If we suppose that for almost every oj £ fl, {T(p{uj) : ip £ A} C ^^(A) 
is a Riesz sequence for J(w) with constants A and B, 

A E II E «^^¥'(^)iii2(A) < s E i«^i' (16) 

for all {a,^}ipg^ with finite support. 

In particular, the above inequality holds for {ci^jipg^ ~ {Pi^(tj)}yg^. Now, in 
()16p . we can integrate over O with {aip},^e.A {-f¥'('-^)}¥'e-4i i^i order to obtain 



ii^^ii 

ipGA 




<BY\\PJh^ay 
ipeA 
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\o-ip,h\^- 



Using equations p4|) and (|15p we can rewrite p7|) as 

Therefore Eh{A) is a Riesz sequence of S{A) with constants A and B. 

(i) =^> (li) We want to prove that, for every a = {ai^jipgyi G £'^{A) with finite 
support, we have a.e. uj G Q 

A Y < II E «^^^HIII(A) < 5 E l^^l'- (18) 

Let us suppose that ()18p fails. Then, using a similar argument as in Theorem l4.H 
we can see that there exist a = {a^}tpi£A & i'^{A) with finite support, a measurable 
set C with mr{W) > and £ > such that 

||^a^r^M||2,(^) >(i3 + e)^ |a^|2, 'iiveW (19) 

ipeA ip€A 

or 

II J2 a^r^i^)\\%iA) <iA-e)J2 K\'^ yu;eW. (20) 

ipeA ipeA 

With a = {a^}ipi=j^ and W, we define for each ip G A, rUip := a^xw- Thus, 

S L°°{n) and only finitely many of these functions are not null. 
By Lemma for each E A there exists a polynomial sequence {P^}km such 
that 

(ii) Whw^ <'l + 2||m^||^, VfcGN. 
Since Efi{A) is a Riesz sequence for S{A) with constants A and B, 

^ E l^v./il^ < II E 

{(p,h)£AxH 

for each sequence {a^pji}(tp^h)eAxH with finite support. 

Now, for each fc G N take {atp^h}{(fi,h)iEAxH to be the sequence formed with the 
coefficients of the polynomials {P^}i^g_4. 

Then, using and (fT51) . we have for each fc G N 



^Ell^fclli=(o)< / llE^fcH^^HII'^(A)^"^r(c.)<i?^||P, 



(21) 

Therefore, since mr(fi) < oo and by the Dominated Convergence Theorem, in- 
equality (PT|) can be extended to as 



Il2(o)- 



^E ll"Vlli2(o) < / II Y^^vi^^^'Pi'^)\\p{A)dmr{oj) <bE II"VIIj 
<peA ^ tpeA <peA 

(22) 

So, if occurs, integrating over we obtain 

/ II m^{uj)Tip{uj)\\'^p(^)\'^ dmrjuj) > [B + e) / \m^{uj)\'^ dmr, 
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which contradicts inequahty ((22|) . We can proceed analogously if (|20|) occurs. 
Hence, ^ holds. 

□ 

For the case of principal _ff-invariant spaces we have the following corollary. 

Corollary 4.5. Let ip G L^(r2). Then, the following are equivalent: 

(i) The set Eh{'p) is a Riesz basis for S{ip) with constants A and B. 

(ii) A < EaeA + < B, a.e. u e n. 



Proof. The proof is a straightforward consequence of Theorem 14.31 and Theorem 
[3T01 □ 

We now want to give another characterization of when the set Eh ( A) is a frame 
(Riesz sequence) for S{A) with constants A and B. For this we will introduce what 
in the classical case are the synthesis and analysis operators. 

For an LCA group G and for a subgroup H as in (|3.ip let us consider a subset 
A = {(fi : i £ /} of L^{G) where / is a countable set. 

Let be a Borel section of F/A. Fix G and let T> be the set of sequences in 
with finite support. Define the operator : V £^(A) as 

A'..(c) = ^c,r^,H. (23) 

iei 

The proof of the following proposition can be found in [?, Theorem 3.2.3]. 

Proposition 4.6. The operator defined above is bounded if and only the set 
{'Tipi{uj) : i G 1} is a Bessel sequence in £^(A). 

In that case the adjoint operator of K^^, K* : £^(A) (^{I); is given by 

The operator is called the synthesis operator and K* the analysis operator. 

Definition 4.7. Let {(fi : i G /} C L^{G) be a countable subset and and /-iT* 
the synthesis and analysis operators. We define the Gramian of {T(p,;(cj) : i G /} 
as the operator : £^{I) (-"^{I) given by Qui = K*K^, and we also define the 
dual Gramian of {Tipi{u!) : i G /} as the operator Q^^ : £^(A) ^^(A) given by 

The Gramian can be associated with the (possible) infinite matrix 
Gu) ^ {'Yl </5,(cj + 6)lpj{lj + 5)) 

since {Qu)Gi,ej) = {T(pi{uj),T(pj{u!)), where {e^lig/ be the standard basis of £^(/). 
In a similar way. considering the basis {es}sGA of ^^(A), we can associate the dual 
Gramian G^ with the matrix 



<^i('^ + S)(pi{uj + S') 



s.S'eA 



Remark 4.8. The operator (K*) is bounded if and only if Gu (Guj) is bounded. 
In that case we have ||A'^f = \\K*f = \\GJ = \\Gu.\\- 

Now we will give a characterization of when Eh (A) is a frame (Riesz sequence) 
for S{A) in terms of the Gramian Gcj and the dual Gramian Guj- 
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Proposition 4.9. Let A = {(pi : « £ /} C L'^{G) he a countable set. Then, 

(1) The following are equivalent: 

(ai) Ei{{A) is a Bessel sequence with constant B. 

(61) SMpess^gQliq^ll < B. 
(ci) supess^^^Wg^W < B. 

(2) The following are equivalent: 

(02) Eh{A) is a frame for S{A) with constants A and B . 

(62) For almost every w S fJ, 

A\\a\\^ < {g^a,a) <B\\a\\^, 

for all a G span{Tipi{uj) : i G /}. 

(02) For almost every uj £ fl, 

a{g^) C{0}U [A, B]. 

(3) The following are equivalent: 

(03) Eh{A) is a Riesz sequence for S{A) with constants A and B. 

(63) For almost every u> £ Q,, 

A\\cf < {g^c,c} < B\\cf, 

for all c e e(I). 
(03) For almost every cj G 

^{Qu) C [A,B]. 

Proof. It follows easily from Theorem 14.11 Theorem 14.31 Proposition 14.61 and Re- 
mark gH □ 

Note that Corollarv l4. 21 and Corollarv l4.5l can also be obtained from the previous 
proposition. 

Definition 4.10. For an i7-invariant space V C L^{G) we define the dimension 
function of V as the map dimy : 51 ^ No given by dimy(a;) = dimJ(ti;), where 
J is the range function associated to V. We also define the spectrum of V as 
s{V) ^{ujen : J{uj) ^ 0}. 

As in the case, every _ff-invariant space can be decomposed into an orthogonal 
sum of principal iJ-invariant spaces. This can be easily obtained as a consequence 
of Zorn's Lemma as in [TT]. The next theorem establishes a decomposition of H- 
invariant space with additional properties as in [1]. We do not include its proof 
since it follows readily from the R'' case (see [U Theorem 3.3]). 

Theorem 4.11. Let us suppose that V is an H -invariant space of L'^{G). Then V 
can he decomposed as an orthogonal sum 

nGN 

where Eni^n) is a Parseval frame for S{ipn) and s{S{ipn+i)) C s{S{(pn)) for all 
n G N. 

Moreover, dim5(^^)(w) = j|T(/?„(cj)|| for all n G N, and 

dimy(ci;) = ||T(^„(w)||, a.e. u £ ^l. 
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